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Contact Symmetries and Hamiltonian
Thermodynamics
A Bravetti∗C S Lopez-Monsalvo† F Nettel‡
It has been shown that contact geometry is the proper framework underlying
classical thermodynamics and that thermodynamic fluctuations are captured by
an additional metric structure related to Fisher’s Information Matrix. In this
work we analyze several unaddressed aspects about the application of contact
and metric geometry to thermodynamics. We consider here the Thermodynamic
Phase Space and start by investigating the role of gauge transformations and
Legendre symmetries for metric contact manifolds and their significance in ther-
modynamics. Then we present a novel mathematical characterization of first
order phase transitions as equilibrium processes on the Thermodynamic Phase
Space for which the Legendre symmetry is broken. Moreover, we use contact
Hamiltonian dynamics to represent thermodynamic processes in a way that re-
sembles the classical Hamiltonian formulation of conservative mechanics and we
show that the relevant Hamiltonian coincides with the irreversible entropy pro-
duction along thermodynamic processes. Therefore, we use such property to give
a geometric definition of thermodynamically admissible fluctuations according to
the Second Law of thermodynamics. Finally, we show that the length of a curve
describing a thermodynamic process measures its entropy production.
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1 Introduction
Several programmes for the geometrization of equilibrium thermodynamics and thermody-
namic fluctuation theory have been proposed so far and the literature on the subject is vast
(see e.g. [1] for the original works of Gibbs, [2, 3, 4, 5, 6] for the introduction of Riemannian
geometry based on Hessian structures on the equilibrium manifold, [7, 8, 9] for the construc-
tion of the contact phase space of thermodynamics and [10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21] for later developments of all those aspects). In particular, it has been shown that
the relevant manifolds are: the Thermodynamic Phase Space (TPS) – which is a contac
manifold – together with its Legendre sub-manifolds representing the spaces of equilibrium
states associated to particular systems. We refer to [8, 9] and [13] for the definitions of these
two manifolds and the description of the mappings between them. Moreover, to incorporate
thermodynamic fluctuations out of the equilibrium values into the construction, one equips
the TPS with the (pseudo-)Riemannian structure stemming from a statistical moment ex-
pansion of the underlying micro-physics. This in turn endows each space of equilibrium states
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with a metric structure induced from that of the TPS.
The geometry of the equilibrium manifold has been largely studied providing us with a
number of interesting results about the thermodynamics of ordinary systems. In particular, it
has been proved that the thermodynamic curvature diverges at critical points with the same
critical exponent as the correlation volume [4]. It has also been established that methods of
thermodynamic geometry can help to find the optimum protocols as well as the available work
dissipated in the context of non-equilibrium thermodynamics [10, 15, 16, 17]. Furhtermore,
in the thermodynamics of black holes, it has been shown that the appearance of instabilities is
related to the divergences of different Hessian structures on the equilibrium manifold [19, 20].
The contact metric geometry of the TPS, however, has received much less attention
(except for some initial works by Mrugala and his collaborators [8, 9, 21] and some recent
connection with quantization due to Rajeev [30]).
The aim of the present work is to widen the point of view on thermodynamic geometry
and consider all the thermodynamic structures from a more general perspective, that is, the
contact metric geometry of the TPS. So far it has been shown (see [21] and [22]) that both
the contact and the metric structures on the TPS can be derived from statistical mechan-
ics and information theory. In particular, the contact structure of the TPS is generated by
a 1-form emerging from the first variation of the relative entropy near Gibbs’ equilibrium
distribution, providing us with a mathematical strucutre encoding the First Law, while the
(pseudo-)Riemannian metric, obtained from the second variation, represents thermodynamic
fluctuations [22]. Furthermore, such (pseudo-)Riemannian structure induces the well-known
Fisher-Rao Information Metric into the Legendre sub-manifolds of the TPS [14, 15]. Finally,
a further exploration of the geometric properties of the TPS reveals that it is a para-Sasakian
and η-Einstein manifold [23, 24, 25, 26, 27, 28, 29], which is locally isomorphic to the Hyper-
bolic Heisenberg Group [22]. This construction is appealing due to its potential connections
with other branches of theoretical physics. For example, the emergence of the Heisenberg
Group indicates some physical links with the quantum uncertainty relations in line with the
analysis of [30]. Therefore, from our point of view, it is worth to studying the mathematical
symmetries of the TPS in order to exploit their physical significance.
This work is meant to be a comprehensive presentation of several uninvestigated topics
in the contact metric description of thermodynamics. Therefore it can be divided into two
parts. In the first part – sections 3 and 4 – we derive new results on the application of contact
transformations to the para-Sasakian structure of the TPS. In the second part – section 5 –
we present our main result, that is, a contact Hamiltonian formulation for ‘thermo-dynamics’.
Readers interested only in the latter result can, in principle, skip sections 3 and 4.
In the first part, we consider two types of well-known transformations of the contact metric
structure of the TPS: the re-scalings of the 1-form generating the same contract structure
(or gauge transformations) and those transformations leaving the 1-form unchanged (or
strict contactomorphisms or contact symmetries). In this work, we focus our attention on
the second type of transformations, i.e. contact symmetries, leaving the discussion about
the physical interpretation of gauge transformations to future work [32]. Here, we simply
highlight that a change in the thermodynamic representation is a particular example of a
gauge transformation inducing the well-known conformal scaling between Weinhold’s and
Ruppeiner’s metrics on the equilibrium manifolds [31].
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By investigating contact symmetries, we present Legendre transformations as an example of
this class. We then show that the Legendre symmetry is a necessary and sufficient condition
in order to reduce the thermodynamic degrees of freedom from the 2n + 1 variables of the
TPS to the n degrees of freedom of the sub-manifold of equilibrium states. However, when
passing from the TPS to the equilibrium manifold representing a particular thermodynamic
system, the Legendre symmetry can break. In fact, as we will show, there is not just one sub-
manifold of equilibrium, but there are in principle as many as different statistical ensembles
(this was already observed in [19, 20]). When the Legendre symmetry is valid, the different
ensembles are equivalent and the change from one ensemble to the other is interpreted
geometrically simply as a diffeomorphism between the equilibrium manifolds. However, when
the Legendre symmetry breaks, the ensembles are inequivalent and geometrically the map
from one equilibrium sub-manifold to the other is not a diffeomorphism. In this case the
full description of the system cannot be achieved by means of a single ensemble. Therefore,
we need to consider the full TPS instead of just one of its equilibrium sub-manifolds. In
ordinary thermodynamics this happens only at first order phase transitions. Thus we give a
geometric characterization of first order phase transitions as equilibrium processes on the full
Thermodynamic Phase Space for which the Legendre symmetry is broken. This is the first
result of the present work.
Notice that if one also considers fluctuations, these are described differently in the distinct
ensembles. Therefore in general the Legendre symmetry need not be also an isometry between
the different metric structures induced on the equilibrium sub-manifolds. However, we will
show that a total Legendre transformation always induces an isometry. This is the second
result of this work.
In the second part of the manuscript, we consider a contact Hamiltonian formulation for
thermodynamics, generalizing the work in [33, 34, 35]. In particular, we show that the
irreversible entropy production over a fluctuation is captured by a contact Hamiltonian on
the TPS, thus in order to describe thermalization processes it is also necessary to resort
to the TPS. Moreover, we prove that the corresponding contact Hamiltonian system is
completely integrable, in a precise sense defined in [36]. It turns out that the integral
curves of this system define thermodynamic processes at equilibrium or near equilibrium.
With this definition and based on the Second Law of thermodynamics we give a simple
characterization of thermodynamically admissible paths on the TPS. Finally, we show that
using the metric structure on the TPS one can compute the entropy production along any
admissible process. We conclude by stating that this contact-Hamiltonian formulation of
thermodynamic processes is morally tantamount to the axiomatic version of the Laws of
thermodynamics. This is the third and main result presented in this work.
The outline of the paper is as follows. In Sec. 2 we review briefly the construction of the
contact and metric structures in the TPS from information geometry. In Sec. 3 we discuss
the role of gauge and Legendre transformations in the geometry of thermodynamics. In
particular, we argue that the first kind of transformations is not a symmetry of the contact
bundle, while the second type is. In Sec. 4 we study in more detail the physical consequences
of the Legendre symmetry of the Thermodynamic Phase Space and show that the breaking
of such symmetry for particular systems implies that there can be intersections between
the equilibrium sub-manifolds and inequivalence of the ensembles. As a special case from
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ordinary thermodynamics, we present the example of first order phase transitions. In Sec. 5 we
derive a contact Hamiltonian formulation of thermodynamics. We show that thermodynamic
processes can be represented by a completely integrable contact Hamiltonian system where
the relevant Hamiltonian is the irreversible entropy production. Finally, we show that the
length of any process equals its entropy production. We conclude in Sec. 6 with a review of
our results and a discussion about possible future investigations.
2 Contact and metric structures in Thermodynamics
In this section we provide the minimal geometric set up that will be relevant for the rest of this
manuscript. Here, we present an account of some results on contact metric structures and
their Legendre sub-manifolds in the light of a geometrization programme for thermodynam-
ics. First, we review the basics of Gibbs’ statistical mechanics, focusing on the construction
of different ensembles and we fix the notation. Then we introduce the notion of a contact
structure and the geometric objects associated to it. Afterwards, we present the link be-
tween these geometric objects and the statistical derivation of equilibrium thermodynamics.
Finally, we present the Legendre sub-manifolds of the contact distribution as the constrained
hypersurfaces defined by means of the First Law of thermodynamics.
2.1 Gibbs’ distribution and statistical ensembles
Let us start with the microscopic phase space of statistical mechanics Γ whose volume
measure is given by means of a normalizable distribution ρ. Define the microscopic entropy
of ρ as
s = −lnρ (1)
and introduce Gibbs’ entropy functional
Sρ = 〈s(ρ)〉 = −
∫
Γ
ρ lnρ dΓ. (2)
Maximizing (2) subject to the n observational constraints
pi = 〈Fi〉 =
∫
ρF i dΓ∫
ρ dΓ
, with i = 1, . . . , n, (3)
and the normalization condition ∫
ρ dΓ = 1, (4)
one obtains the family of Gibbs’ equilibrium distributions
ρ0(Γ;w, q
1, . . . , qn) = e−w−Fiq
i
, (5)
where qi and w correspond to the Lagrange multipliers of (3) and (4) respectively.
A direct calculation from equations (2), (3) and (5) shows that the entropy for a distribu-
tion in the Gibbs’ family (5) reads
Sρ0 = w + piq
i, (6)
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and, therefore, w turns out to be a Legendre transform of the entropy, whose significance
changes according to the number and type of constraints in (3), i.e. depending on the
statistical ensemble, as we will now discuss.
Let us consider simple systems – those with only one species of particles – in contact
with different reservoirs. For an isolated system the internal energy U , the volume V and
the number of particles are all fixed and therefore none of them is allowed to fluctuate.
The corresponding ensemble is the microcanonical (or NVU) ensemble and the associated
potential is the entropy w(U, V,N) = S(U, V,N). If the system is in contact only with a
thermostat at temperature T , then the internal energy is the only variable which is allowed
to fluctuate and p1 = 〈H〉ρ0 is the average value of the Hamiltonian energy, i.e. the internal
energy U of the system. In this case the number of particles N , the volume V and the
temperature T are fixed. The corresponding ensemble is the canonical one (or NVT ensemble)
and the associated thermodynamic potential is w(N, V, T ) = S−βU = −βF (N, V, T ), with
F (N, V, T ) the Helmholtz free energy and q1 = β = 1/T the inverse temperature.
As another standard example, when the system is placed in contact both with a thermostat
at temperature T and a bariostat at pressure p, then energy and volume are the fluctuating
variables. In this case p1 = 〈H〉ρ0 as before, and p2 = 〈v〉ρ0 is the average value of
the volume of the system. Here N, p and T are fixed. In this case the corresponding
ensemble is the isothermal-isobaric ensemble (or NpT ensemble) and the associated potential
is w(N, T, p) = S − βU − βpV = −βG(N, T, p), where G(N,T,p) is the Gibbs free energy.
Finally, in the grand-canonical (or µVT) ensemble, the fluctuating variables are p1 = 〈H〉ρ0
and p2 = 〈n〉ρ0, while the fixed ones are µ, V and T . The associated thermodynamic potential
is w(µ, V, T ) = S − βU + βµN = −βΦ(µ, V, T ), with Φ(µ, V, T ) the Grand potential, or
Landau potential.
In principle one could also construct the ‘non-canonical ensemble’ (or µpT ensemble),
i.e. an ensemble representing a system placed in contact with a thermostat, a bariostat
and a particle reservoir. For such system all the extensive variables p1 = U, p2 = V and
p3 = N fluctuate, while the intensive ones q
1 = T, q2 = p and q3 = µ are fixed. This
situation is physically the easiest to realize. However, the associated thermodynamic potential
w(µ, p, T ) = S−βU−βpV +βµN identically vanishes, since the entropy S is a homogeneous
functions and therefore by Euler’s relation S = βU + βpV − βµN . This is the reason why
this ensemble is never considered in statistical mechanics. However, we will see in section
5 that this ensemble and its potential play a relevant role in our Hamiltonian description of
thermodynamic processes and fluctuations.
Notice that in all the above examples the constraints in (3) define the internal variables
allowed to fluctuate, while the corresponding Lagrange multipliers qa represent the external
variables, whose values are fixed by the corresponding values of the reservoir. Notice also
that we take the variables pa to be the extensive variables of the system and the q
a as the
intensive ones. In this notation the First Law for the entropy reads
dS = qadpa, (7)
and therefore the First Law for the total Legendre transform of the entropy is
dw = −padqa = 0, (8)
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where the last equality in (8) is the Gibbs-Duhem identity [37].
2.2 Contact metric manifolds: the Phase Space of thermodynamics
Let us consider the contact description of the Thermodynamic Phase Space as given e.g. in
[8, 9, 18]. Given a thermodynamic system with n degrees of freedom, the Thermodynamic
Phase Space (TPS) is the (2n+1)-dimensional manifold T , endowed with a contact structure,
that is, a maximally non-integrable distribution D ⊂ TT of co-dimension one hyperplanes.
We can characterize such a distribution with the aid of a 1-form η such that
D = ker(η), (9)
and the non-integrability condition
η ∧ (dη)n 6= 0 (10)
is fulfilled. Equation (10) can be understood as the condition for a well defined volume form
on the TPS. Additionally, it is always possible to find a set of local (Darboux) coordinates
for T such that the 1-form η can be written in the form
η = dw + padq
a, (11)
where we have used Einstein’s convention for repeated indices and a takes values from 1 to
n, the number of degrees of freedom. Note that at this level w, qa and pa are coordinates
for T whose thermodynamic significance is linked to the underlying statistical mechanics and
that we are using here a different sign convention in η with respect to previous work [22].
This sign convention was motivated by (7).
In the present work, we focus on the contact structure of T . First, note that the contact
1-form η is not unique. Indeed, any other 1-form defining the same family of hyperplanes,
equation (9), is necessarily conformally equivalent to η, i.e. for any two 1-forms η1 and η2 in
the same equivalence class [η], one has η2 = Ω η1 for some non-vanishing real function Ω.
Let us consider a contact 1-form η defining the contact distribution D. Associated to η
there is always a global vector field ξ – the Reeb vector field – defined uniquely by the two
conditions
η(ξ) = 1 and dη(ξ, ·) = 0 . (12)
The Reeb vector field generates a natural splitting of the tangent bundle, that is
TT = Lξ ⊕D , (13)
where Lξ is the vertical sub-space generated by ξ. In [22] it was shown that the non-
coordinate basis
{
ξ, Pˆ i, Qˆi
}
=
{
ξ,
∂
∂pi
, pi
∂
∂w
− ∂
∂qi
}
, i = 1, . . . , 2n (14)
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is naturally adapted to the splitting (13) and that the generators satisfy the commutation
relations
[Pˆ i, Qˆj] = δ
i
jξ, [ξ, Qˆi] = 0 and [ξ, Pˆ
i] = 0, (15)
defining the Lie-algebra of the nth Heisenberg group, Hn. For this reason, we call the set
(14) the Heisenberg basis of TT .
Analogously to the almost complex structure of Ka¨hler manifolds, associated to each η
there is a (1, 1) tensor field φ such that
Lξ = ker(φ) and D = Im(φ). (16)
If the tensor field φ satisfies the condition
φ2 = −I + η ⊗ ξ [resp. φ2 = I − η ⊗ ξ] (17)
it is called an almost contact structure [25] (resp. an almost para-contact structure [27]).
Thus, since φ(ξ) = 0, the splitting (13) becomes
TT = ker(φ)⊕ Im(φ). (18)
The quadruple (T , η, ξ, φ) is called an almost contact [resp. para-contact] structure. In
general the tensor field φ is not unique. However, if T is equipped with a metric tensor,
there is a preferred way for choosing φ such that
G(φX, φY ) = ε [G(X, Y )− η(X) η(Y )] , (19)
for any pair of vector fields X, Y ∈ TT and where ε = ±1. In this case we say that
the metric G is a compatible metric of the almost contact (ε = 1) [resp. para-contact
(ε = −1)] structure φ. Compatible metrics make the splitting (18) orthogonal. Additionally,
if the metric also satisfies
1
2
dη(X, Y ) = G(X,ΦY ) , (20)
we say that G is an associated metric to the contact structure and the 4-tuple (T , η, ξ, φ,G)
is a contact [resp. para-contact] metric manifold [25, 26, 27].
2.2.1 The Phase Space of Thermodynamics and the Hyperbolic Heisenberg
Group
Now, considering thermodynamic fluctuation theory, the TPS is not just a contact manifold,
but it also carries an almost para-contact structure and an associated metric. The derivation
follows from information theory in the following way (c.f. [22] for details). Following [22],
from equations (1) and (5) one can construct an (n + 1)−dimensional control manifold C
embedded in T such that
Φ : C −→ T , (21)
Φ∗η = 〈ds〉0 = dw + pi dqi (22)
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and
Φ∗GFR = 〈(ds)2〉0 = 〈ds〉0 ⊗ 〈ds〉0 − dqi
s⊗ dpi , (23)
where 〈·〉0 represents the ensemble average with respect to the equilibrium distribution ρ0,
Φ is the embedding of the control manifold into the TPS and GFR is the metric on the TPS
which reduces to the Fisher-Rao metric (23) over the control manifold C. Here we have used
the symbol
s⊗ to denote the symmetric tensor product
dqi
s⊗ dpi ≡ 1
2
(
dqi ⊗ dpi + dpi ⊗ dqi
)
. (24)
Thus, in the coordinate basis of TT , the metric GFR reads explicitly as
GFR = (dw + pi dq
i)⊗ (dw + pj dqj)− dqi
s⊗ dpi . (25)
Note that η is naturally connected with the first moment of ds and hence with the First
Law by means of (22), while GFR is connected with the second moment of ds and hence
with thermodynamic fluctuations. In fact, it turns out that the metric induced by GFR into
the equilibrium sub-manifolds is the Hessian of the corresponding thermodynamic potential.
Therefore it coincides with Ruppeiner’s thermodynamic metric or its Legendre transformed
analogues, depending on the constraints that are considered [22].
The metric (25) has an (n + 1, n) signature and it turns out that an orthonormal (dual)
basis is given by {
θˆ(0), θˆ
(i)
+ , θˆ
(i)
−
}
(26)
where
θˆ(0) = η and θˆ
(i)
± =
√
pi
2pi
[
−pidqi ± dpi
]
(no sum over i). (27)
Thus, in terms of the Heisenberg basis (14), the n ‘time-like’ directions are given by
eˆ−(i) = −G−1FR
[
θˆ
(i)
− , ·
]
=
√
pi
[
1
pi
Qˆi − Pˆ i
]
(no sum over i), (28)
while the n + 1 ‘space-like’ directions are
eˆ(0) = ξ and eˆ
+
(i) = G
−1
FR
[
θˆ
(i)
+ , ·
]
=
√
pi
[
1
pi
Qˆi + Pˆ i
]
(no sum over i). (29)
We call the basis (28)-(29) the canonical basis of the TPS [22]. Notice that the vectors
{e+i ± e−i } are eigenvectors of the almost para-contact structure with eigenvalues +1 and
−1, respectively.
The isometry group ofGFR – denoted Iso(GFR) – is isomorphic to the the (n+1)
2−dimensional
group Gl(n,R)×Hn generated by the n2 ‘boosts’
piPˆ
j + qjQˆi − piqjξ = pi ∂
∂pj
− qj ∂
∂qi
(30)
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and the 2n+ 1 ‘translations’
{
ξ, piξ − Qˆi, Pˆ i − qiξ
}
=
{
∂
∂w
,
∂
∂qi
,
∂
∂pi
− qi ∂
∂w
}
. (31)
We observe that the set (31) satisfies the Heisenberg algebra commutation relations whose
center is the Reeb vector field, while the ‘boosts’ are generators of gl(n,R) [39].
To define the almost para-contact structure, we notice that ξ is a Killing vector field for
the metric GFR and therefore we can use the relation [27]
∇ξ = −φ, (32)
to find a almost contact structure which renders G an associated metric. Here, ∇ is the
Levi-Civita connection compatible with the metric (25). A direct calculation shows that [22]
φ = −
n∑
i=1
[
eˆ+(i) ⊗ θˆ(i)− + eˆ−(i) ⊗ θˆ(i)+
]
. (33)
Therefore, the geometric structure emerging from the first two moments of the microscopic
entropy change around Gibbs’ distribution – (T , η, ξ, φ,GFR) – is a para-Sasakian manifold.
It can be easily shown that the curvature of the Levi-Civita connection further satisfies the
η-Einstein condition, that is, its Ricci tensor is given by
Ric = −(2n+ 2)η ⊗ η + 2GFR. (34)
Moreover, in addition to the Levi-Civita connection, one can build another connection com-
patible with all the defining tensors of the para-Sasakian structure. Remarkably, such a
connection is flat. Hence, it can be formally shown that the Thermodynamic Phase Space is
locally isomorphic to the Hyperbolic Heisenberg Group (c.f. [22] and [28] for all the details).
2.3 Legendre sub-manifolds: the equilibrium sub-spaces of
thermodynamic systems
The set of coordinates {w, qa, pa} has a natural thermodynamic interpretation on the integral
sub-manifolds of the TPS. Of special interest are the maximal integral sub-manifolds, E ⊂ T ,
i.e. those of maximal dimension which can be embedded in T such that their tangent bundle
is completely contained in the distribution D. These are called Legendre sub-manifolds.
A local description of Legendre sub-manifolds can be given as follows [41]. Consider a
disjoint partition I ∪J of the set of indices {1, . . . , n} and a function of n variables f(pi, qj),
with i ∈ I and j ∈ J . The n+ 1 equations
qi =
∂f
∂pi
pj = − ∂f
∂qj
w = f − pi ∂f
∂pi
(35)
define a Legendre sub-manifold E of (T ,D). Conversely, any Legendre sub-manifold is locally
defined by these equations for at least one of the 2n possible choices of the partition of the
set {1, . . . , n}.
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Notice that f = f(pi, q
j) in (35) can be any function of n variables. In the thermodynamic
interpretation, Legendre sub-manifolds represent the manifolds of equilibrium states of a given
system. Moreover, it results from (35) that f(pi, q
j) should be interpreted as the fundamental
equation for the thermodynamic potential describing a particular system and that (35) gives
also the equations of state. With this interpretation, the 2n different possibilities representing
a given Legendre sub-manifold stand for the 2n possible ensembles that one can, at least
formally, define. To fix the notation, we will consider here f depending only on the qa,
unless otherwise explicitly stated and identify w with f on E , according to (35). Therefore,
a Legendre sub-manifold is defined by means of an embedding
ϕ : E −→ T , (36)
mapping
qa 7→ [w(qa), pb(qa), qa] (37)
and satisfying the isotropy condition
ϕ∗η =
[
∂
∂qa
w(qb) + pa
]
dqa = 0. (38)
Note that this is equivalent to demanding that the system satisfies the First-Law of thermo-
dynamics
dw(qb) = −padqa, where pa = − ∂
∂qa
w(qb). (39)
Therefore, let us call η [c.f. equation (11)] the Gibbs 1-form and E the equilibrium mani-
fold. On the equilibrium manifold the coordinate w can be interpreted as a thermodynamic
potential and the definition of the pa – equation (39) – corresponds to the set of equations
of state.
Finally, the metric GFR can be pulled back by means of (37) to the Legendre sub-manifolds
obtaining
g = ϕ∗GFR =
∂2w
∂qa∂qb
dqa ⊗ dqb . (40)
We observe that different choices of the embedding (37) give in principle different Legendre
sub-manifolds, each one equipped with its own induced metric, given by the Hessian of the
corresponding potential. We will analyze this aspect in more detail in 3.2.
3 Contact symmetries
Transformations leaving the contact distribution D unchanged determine diffeomorphisms
between the sub-manifolds. Therefore, from the thermodynamic point of view, there is
a large group of transformations acting on T that leave the equilibrium sub-manifold E
unchanged, at least as long as we do not consider the induced Riemannian structure on E .
In this section we study two particular examples of transformations that preserve the contact
distribution, that is, gauge transformations and Legendre symmetries.
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3.1 Gauge Transformations
We have said that the contact distribution over a contact manifold is given by D = ker(η) for
some η in an equivalence class with respect to multiplication by a conformal factor. Therefore
D is invariant with respect to a different choice of the Gibbs 1-form in the same equivalence
class. Let us consider transformations multiplying the 1-form η by a conformal factor, i.e. a
contact transformation for the contact structure. We say that a mapping f : T → T is a
contact transformation or contactomorphism of η if
f ∗η = Ω η (41)
for some non-vanishing function Ω. When Ω = 1 we call it a strict contact transformation.
From the definition (41) it is clear that the contact structure D is preserved by any contact
transformation. In particular, there are diffeomorphisms that leave the contact structure
D invariant. We say that such a diffeomorphism f : T → T is an infinitesimal contact
transformation if
£Xf η = τ η , (42)
where τ : T → R is a non-vanishing function and £Xfη is the Lie derivative of η along the
flow generated by the infinitesimal displacements corresponding to f . Then an infinitesimal
contactomorphism is strict if and only if £Xfη = 0, that is, f not only leaves the contact
structure invariant, but also its representative 1-form. In this sense we say that a strict
contactomorphism is a symmetry of the contact form, while a general contactomorphism
can be regarded as a conformal symmetry. Finally, notice that strict contactomorphisms are
also called quantomorphisms in some recent literature on contact Riemannian geometry, c.f.
[40].
Given D, we consider now the splitting (13). This splitting is not unique, as ξ depends on
the particular choice of η [c.f. equation (12)]. In particular, the first condition in (12) just
implies that ξ needs to be re-scaled when one changes η. More complicated is the change due
to the second condition in (12), which can also change the direction of ξ, as we will shortly
see. Therefore the splitting (13) changes in a non-trivial manner. Notice that if the 1-form
η is transformed by means of a strict contactomorphism, then the splitting of the tangent
bundle remains unchanged. That is the reason why we say that strict contactomorphisms
are symmetries of the contact bundle.
Let (T , η, ξ, φ,G) be a para-contact metric manifold and choose a different 1-form η˜ in
the same equivalence class of η. Note that it must be η˜ = Ω η where Ω is an everywhere
non-vanishing function on T . Obviously the contact distribution of the two is the same
[c.f. equation (9)]. However the Reeb vector field, the almost para-contact and the metric
structure depend on the choice of η. In fact, it turns out that the para-contact metric
structure associated to η˜ is obtained by [27]
ξ˜ =
1
Ω
(ξ + ζ) , (43)
φ˜ = φ+
1
2Ω
η ⊗
[
G−1(dΩ, ·)− ξ(Ω) ξ
]
, (44)
G˜ = Ω(G− η⊗ z − z⊗ η) + Ω
(
Ω− 1 + |ζ |2
)
η ⊗ η , (45)
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where
ζ = − 1
2Ω
φ
[
G−1(dΩ, ·)
]
and z = G(ζ, ·). (46)
The change from (T , η, ξ, φ,G) to (T , η˜, ξ˜, φ˜, G˜) is called a gauge transformation of the
para-contact metric structure. When Ω is constant it is called a D-homothetic deformation.
Note that if the initial manifold (T , η, ξ, φ,G) is a para-contact metric manifold (resp.
a para-Sasakian manifold), then the new structure defined as (T , η˜, ξ˜, φ˜, G˜) is still a para-
contact metric manifold (resp. a para-Sasakian manifold). However, as we see from equa-
tions (43)-(45), even though the contact 1-form scales just by a function, the associated
Reeb vector field, almost para-contact structure and metric tensor all change by non-trivial
transformations.
Let us see an example which is relevant in ordinary thermodynamics. Consider the Gibbs 1-
form generating the First Law of thermodynamics in the molar internal energy representation
together with its associated metric, that is
ηU = dU − T dS + p dV . (47)
and
GUFR = η
U ⊗ ηU + dT s⊗ dS − dp s⊗ dV. (48)
Notice that comparing equations (11) and (47), the coordinates {w, q1, q2, p1, p2} here are
given by {U, S, V,−T, p}. It is well-known that we can change to the entropy representation
just by multiplying ηU by a conformal factor Ω = −1/T . Thus one obtains another 1-form
in the same equivalence class which reads
ηS = − 1
T
ηU = dS − 1
T
dU − p
T
dV . (49)
Moreover, in this case the almost para-contact structure (33) associated to GUFR according
to (19) reads
φU = − (T dS − p dV )⊗ ∂
∂U
− dS ⊗ ∂
∂S
− dV ⊗ ∂
∂V
+ dT ⊗ ∂
∂T
+ dp⊗ ∂
∂p
. (50)
Using φU and GUFR we can compute explicitly the gauge transformation (43)-(45) with Ω =
−1/T to obtain the change in the para-Sasakian structure associated to the change of
representation
ξS =
∂
∂S
(51)
φS = φU − 1
T
ηU ⊗
[
T
∂
∂U
+
∂
∂S
]
= φU − 1
T
ηU ⊗ Qˆ1
= −
(
1
T
dU +
p
T
dV
)
⊗ ∂
∂S
− dU ⊗ ∂
∂U
− dV ⊗ ∂
∂V
+ dT ⊗ ∂
∂T
+ dp⊗ ∂
∂p
, (52)
GSFR = −
1
T
(
GUFR +
1
T
ηU
s⊗ dT
)
+
1
T
(
1
T
+ 1
)
ηU ⊗ ηU
= ηS ⊗ ηS + dU s⊗ d
(
1
T
)
+ dV
s⊗ d
(
p
T
)
. (53)
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Accordingly, one obtains two different metric structures on the Legendre sub-manifold E .
Let us call such metrics gU = ϕ∗U G
U
FR and g
S = ϕ∗S G
S
FR, respectively. Therefore, it is
immediate to realize from (53) and (40) that the change in the metric structure from GUFR
to GSFR due to the gauge transformation induces a conformal change from the metric g
U to
gS given by
gS = − 1
T
gU . (54)
Such change is the well-known conformal relation between Weinhold’s ‘energy’ metric and
(minus) Ruppeiner’s ‘entropy’ metric on the equilibrium manifold which was first derived in
[31]. A more complete study of gauge transformations in thermodynamics will be examined
in another work [32]. In the next sub-section we will consider Legendre transformations and
show that they indeed represent a symmetry of the contact bundle of the TPS, in the sense
that they leave such structure unchanged.
3.2 Legendre Symmetry
Let us consider now transformations leaving the Gibbs 1-form η invariant, i.e. symmetries of
the contact 1-form. We say that a mapping f : T → T is a symmetry of η if
f ∗η = η . (55)
As we have discussed in the preceding sub-section, strict contactomorphisms leave the 1-
form η invariant, therefore they are symmetries of η. However this class is in principle
larger, because it includes also transformations not generated by an infinitesimal group of
transformations.
As we have already commented, if η is invariant, then the splitting of the contact bundle
(13) is unchanged, as well as the corresponding Reeb vector field ξ, the almost para-contact
structure φ and the associated metric GFR. However, this does not mean that a symmetry
of the contact 1-form is also a symmetry of the metric structure, as we discuss below.
As a particular class of symmetries of the 1-form η relevant in thermodynamics, let us
consider Legendre transformations. A (discrete) Legendre transformation on the TPS on T
is given by the relations 

w˜(i) ≡ w − q(i)p(i)
p˜(i) ≡ q(i) and
q˜(i) ≡ −p(i),
(56)
(57)
(58)
for i ∈ I ⊆ {1, . . . , n} while leaving the rest of the coordinates unchanged, i.e. q˜j = qj
and p˜j = pj for j 6= i. A partial Legendre transformation (PLT) only interchanges the pairs
of thermodynamic variables in the subset I. A transformation that exchanges every pair of
coordinates is called a total Legendre transformation (TLT).
Note that, as well as a change of representation is a (discrete) example of a gauge trans-
formation, a Legendre transformation f is a (discrete) example of a symmetry of the 1-form
η. In fact, it is easy to check that f ∗ η = η. As such, it follows that the contact 1-form η
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and its Reeb vector field ξ are invariant, and hence the splitting of the tangent bundle (13)
is unchanged. We argue here that the basic equilibrium thermodynamics is completely deter-
mined by such splitting. Therefore, a Legendre transformation is a symmetry of equilibrium
thermodynamics, as expected.
It is easy to verify that a Legendre transformation is not a symmetry of the metric structure
(25). For example, a partial Legendre transformation f1 – exchanging only the first pair of
variables q1 with p1 – changes the metric (25) to
G˜FR = f
∗
1GFR = (dw˜ + p˜a dq˜
a)⊗ (dw˜ + p˜a dq˜a) + dq˜1
s⊗ dp˜1 −
∑
i6=1
dq˜i
s⊗ dp˜i , (59)
where the second term on the right hand side has changed. Physically, one can interpret
the metric induced by (25) onto any equilibrium sub-manifold E as giving a measure of
the probability of fluctuations of the unconstrained thermodynamic variables of the corre-
sponding ensemble [4]. Moreover, a Legendre transformation represents the changing from
a thermodynamic ensemble to the other, thus changing the constrained variables and the
fluctuating ones. Therefore, a change of the metric structure is completely equivalent to the
fact that fluctuating variables and the value of the fluctuations are different in the various
ensembles [37]. Within this interpretation, the fact that the First Law of thermodynamics –
represented by the vanishing of the 1-form η – is invariant under a Legendre transformation
proves that the mean values of the thermodynamic functions do not change with the election
of ensemble. However, the situation is not the same for the values of the fluctuations of such
functions, and thus for the corresponding metric structure in the geometric construction. In
some formulations of the geometry of thermodynamics it has been further required that the
metric structure of the TPS should be invariant with respect to Legendre transformations
(see e.g. [13, 18]). However, we will not consider such requirement here, as we are working
with the metric structure derived from Gibbs’ statistical mechanics and information theory
as in [21, 22] and corresponding to thermodynamic fluctuation theory [4]. However, it would
be worth to explore if different forms of the entropy functional in statistical mechanics (e.g.
Re´nyi or Tsallis entropies [42, 43]) can lead to other types of thermodynamic metrics, in
the same way as one derives the metric (25) directly from the Boltzmann-Gibbs entropy
functional [22].
In the next section we will see the physical implications of the Legendre symmetry of the
TPS in the geometric description of ordinary equilibrium thermodynamics.
4 Legendre symmetry and equivalence of the ensembles
As we have seen in the previous section, a Legendre symmetry preserves the splitting of the
tangent bundle of the TPS. Therefore, it induces a diffeomorphism between its Legendre sub-
manifolds, as we show here. This is the formal cause of the well-known fact that we can use
the equations of state to perform a Legendre transformation, changing the thermodynamic
potential and exchanging the role of the independent variables of the system. Here we show
that this is always possible as long as the potential satisfies the global convexity conditions. In
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ordinary homogeneous thermodynamics this requirement is equivalent to say that the system
is in a single phase [37].
4.1 Legendre symmetry as a diffeomorphism
Let us now consider the embedding (37) with two different choices of the thermodynamic
potential. For simplicity, let us consider w(qa) and w˜(pa), with w˜(pa) the total Legendre
transform of w [c.f. equation (56)]. These different choices in principle induce two different
Legendre sub-manifolds Ew and E w˜, respectively. We show here that the Legendre symmetry
of the TPS induces a diffeomorphism
ψ : Ew −→ E w˜ (60)
if and only if
∂2w
∂qa∂qb
6= 0 (61)
at every point. Such transformation induces – by means of equations (37) and (38) – a
diffeomorphism
ψ : Ew −→ E w˜[
w(qa), qa, pa(q
b)
]
7→ [w˜(pa), qa(pb), pa]
(62)
that transforms the thermodynamic potential from w(qa) to w˜(pa) and at the same time
interchanges the role of the independent coordinates from qa to pa. The explicit expression
of the transformation ψ is given by the equations of state
pa(q
b) = − ∂
∂qa
w(qb). (63)
It is straightforward to calculate the push-forward of such transformation, which is
ψ∗ : TEw −→ TE w˜
ψ∗X ≡ −
(
∂2w
∂qa∂qb
)
Xb
∂
∂pa
,
(64)
where X = Xa∂qa is any vector field on TEw. Therefore, we see from equation (64) that,
although a Legendre transformation is always a symmetry of the TPS, it induces a diffeo-
morphism on the equilibrium sub-manifolds if and only if the Hessian of the potential w(qa)
is non-degenerate. Therefore, such diffeomorphism between the equilibrium sub-manifolds
depends on the particular function w(qa), i.e. depends on the particular system under exam.
Whenever such Legendre symmetry of the TPS is broken on E , then the transformation on
E corresponding to a Legendre transformation is not a diffeomorphism. In particular, in such
case the sub-manifolds Ew and E w˜ are not equivalent. The in-equivalence of the information
contained in Ew and E w˜ in such case reflects geometrically the in-equivalence of the two
ensembles, which is well-known in statistical mechanics and thermodynamics for regions of
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the phase diagram where the thermodynamic potential does not satisfy the global convexity
conditions, that is, where it is not a concave [resp. convex] function of the extensive vari-
ables [37]. Notice that in this case the whole structures of the Legendre sub-manifolds are
inequivalent, not just their metrics.
Consider for example the ideal gas. This is a system whose thermodynamic potential
w(qa) globally satisfies the concavity conditions and therefore the ensembles are completely
equivalent over the full region of the phase diagram. This is represented in contact geometry
by a single, smooth, Legendre sub-manifold E (up to diffeomorphisms). However, the majority
of systems undergo instabilities and have regions where different phases coexist and hence
we have different equilibrium sub-manifolds E corresponding to the different ensembles, and
these can intersect over the regions of coexistence. In ordinary thermodynamics, one recovers
the global stability (the concavity requirement) by means of the Maxwell equal area law, but
the (local) Legendre symmetry cannot be restored [37].
As we have seen, the breaking of the Legendre symmetry allows for the existence of different
ensembles, represented by different sub-manifolds E whose information over the region of
coexistence is inequivalent. Besides the in-equivalence of the ensembles, the intersection of
such sub-manifolds implies also that there are processes that can pertain to different phases
at the same time. As we will shortly see, such processes represent physically that the system
is going from a thermodynamic phase into a different one, following a sequence of equilibrium
states, i.e. the system is undergoing a coexistence process. In the sub-section 4.3 we give a
geometric characterization of such processes as curves on the N -dimensional sub-manifolds
lying in the intersection of r (equilibrium) Legendre sub-manifolds denoting the r different
coexisting phases. The dimension N is calculated by Gibbs’ phase rule and it turns out that
N = C − r + 2, (65)
where C is the number of different species in the thermodynamic system. In particular, for
most of the cases in classical thermodynamics of simple systems (i.e. C = 1), the coexisting
region is 1-dimensional, i.e. a curve, in the case of two coexisting phases (r = 2) and 0-
dimensional, i.e. a point, in the case of three coexisting phases (r = 3), as e.g. in the triple
point of water [37].
There is a subtle point to be highlighted here, regarding the non-degeneracy of the Hessian
of the potential, equation (61). Whenever we consider an ordinary thermodynamic system
for which the entropy (or the internal energy) is a homogeneous function of order one of the
extensive variables, then, due to the Gibbs-Duhem relation (8), the total Legendre transfor-
mation is always degenerate, an indication that we are considering more degrees of freedom
than necessary. Thus, one uses the scaling property of the system to fix one of the extensive
variables and divides the rest of them by such a fixed amount. The result of this operation
also divides the potential by the same amount. In practice, one either chooses the particle
number or the volume, and works with molar quantities or densities, respectively, for which
the Legendre transformation is well-defined.
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4.2 Legendre symmetry as an isometry
Consider now the metric structure induced on E . We have said that different choices of the
thermodynamic potential w(qa) in (37) can induce on E different and in principle in-equivalent
metric structures defined as the Hessian of the corresponding potential. Here we show that
the total Legendre transform always induces an isometry between the corresponding induced
metric structures. This result is known in Hessian geometry (c.f. [44] p. 27), we re-derive
it here in the context of thermodynamics to make direct contact with our discussion of the
Legendre transform as a symmetry of the geometric structure of thermodynamic fluctuation
theory. Moreover, we point out that the same is not true for a partial Legendre transform.
Consider for example the metrics induced on E by the embedding (37) and corresponding
to w and its total Legendre transformation w˜, as defined in (56). For clarity, we re-write
explicitly the corresponding embeddings
ϕw : (q
a) 7→ [w(qa), qa, pa] , pa = − ∂
∂qa
w (66)
and
ϕw˜ : (pa) 7→ [w˜(pa), qa, pa] , qa = ∂
∂pa
w˜. (67)
The two embeddings (66) and (67) define the two metric structures
g = ϕ∗wGFR = −
∂2w
∂qa∂qb
dqa ⊗ dqb (68)
and
g˜ = ϕ∗w˜GFR =
∂2w˜
∂pa∂pb
dpa ⊗ dpb. (69)
These two metrics are in principle different. Let us see that a total Legendre transformation
on T induces an isometry between the two. In general, we say that a diffeomorphism
ψ : (Ew, g)→ (E w˜, g˜) is an isometry if
ψ∗g˜ = g. (70)
In general we have that under a diffeomorphism ψ the action of an induced pullback ψ∗ :
T ∗E w˜ → T ∗Ew on the metric is defined by
ψ∗g˜(X, Y ) = g˜(ψ∗X,ψ∗Y ) for any X, Y ∈ TE , (71)
where ψ∗ : TEw → TE w˜ is the differential map. Consider now the diffeomorphism on E
induced by a total Legendre transformation as defined in (62). Calculating the components
for g˜ with respect to pushforward of the basis in TE we obtain
g˜
(
ψ∗
∂
∂qa
, ψ∗
∂
∂qb
)
=
∂2w˜
∂pc∂pd
dpc ⊗ dpd
(
∂pe
∂qa
∂pe,
∂pf
∂qb
∂pf
)
=
∂2w˜
∂pc∂pd
∂pc
∂qa
∂pd
∂qb
=
(
∂qd
∂pc
)
∂pc
∂qa
∂pd
∂qb
=
∂pa
∂qb
= − ∂
2w
∂qa∂qb
, (72)
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where we have used equations (64), (66) and (67). We observe that the components of ψ∗g˜
and g are the same with respect to the basis of TE , thence we have proved that the diffeo-
morphism induced by a total Legendre transformation on the equilibrium manifolds is also
an isometry. However, the same is not true if we consider a partial Legendre transformation.
This can be seen by the fact that the scalar curvatures of the two structures are in general
different (see e.g. [19] for their comparison).
To conclude, let us remark that we have considered here each Legendre sub-manifold E
as equipped with the natural induced metric from the metric GFR on the TPS and we have
analyzed the conditions for these metrics to be equivalent.
4.3 First order phase transitions
Let us now turn to describe another aspect that has received little attention in the geometric
descriptions of thermodynamics. We investigate here the only region of the phase space
where one encounters ensemble in-equivalence in ordinary thermodynamics, namely the region
of coexistence between different phases (for a more detailed description see e.g. [37]).
To this end, we refer to the Pressure-Volume and Pressure-Temperature diagrams of the
liquid-vapour coexistence for a Van der Waals fluid presented in Fig. 1. Above the critical
Figure 1: The coexistence process as it appears on a P − V diagram and on a P − T
diagram. Two aspects are of major interest. The first is to note that the process of
coexistence (in red in the two panels) is represented by a line in the P −V diagram
and by a single point in the P − T diagram. Second, in order for the two phases
to coexist at equilibrium, the temperatures and the pressures must be the same.
More details in the text. Notice that we have also highlighted the spinodal curve
(it is depicted in black in the P − V diagram), indicating the points where the
local stability conditions fail at any given temperature. Finally, the critical point
(vc, pc, Tc) is depicted in both panels.
temperature Tc, the isotherms in the P − V diagram are decreasing functions of V and
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therefore are stable. On the contrary, below the critical temperature, the isotherms have
a region of instability, which is “cut-out” by means of the Maxwell construction (the red
horizontal line in the left panel of Fig. 1). Such construction consists in finding the equilibrium
value for the pressure at which the two phases coexist at equilibrium. It turns out that such
equilibrium value is given by requiring that the two areas indicated by I and II in the P − V
diagram be equal.
It is worth noting that, when a coexistence of two or more phases is present, already at
the level of ordinary thermodynamics, we can see that the description in the variables qa is
not equivalent to that using the variables pa. In fact, by looking at the two diagrams in
Fig. 1, one immediately sees that in the P − V coordinates the coexistence process is given
by a straight line (in red), whereas in the P − T coordinates it corresponds to the single red
point indicated by (Tq, pq). Consequently, it is not surprising that the change of coordinates
by a Legendre transform in that region is not a diffeomorphism. Indeed, as we have already
pointed out, the descriptions using the extensive or the intensive coordinates are equivalent if
and only if the Legendre transform is well defined, i.e. when the global concavity conditions
are strictly satisfied [37].
From the above observations, we derive the conclusion that the process of coexistence
cannot be fully described on a specific equilibrium manifold E . This is because the region
of coexistence is the intersection of different equilibrium sub-manifolds and the Legendre
transformation is not a diffeomorphism along such intersection. However, we can solve this
problem in a simple way. It is usually assumed that equilibrium states are the ones belonging
to a particular Legendre sub-manifold. However, more generally we can characterize any
equilibrium process as a parametrized curve γ(t) on the TPS satisfying the First Law at
every point along the path, that is
η(γ˙) = 0, (73)
where γ˙ denotes the tangent vector to the curve at the point of evaluation. In particular we
can do so for coexistence processes. Therefore from now on we will look at all equilibrium
processes as curves on the TPS whose tangent vector annihilates the 1-form η. By this
definition, processes of coexistence of different phases are normal equilibrium processes and
can be described in the geometric framework.
In the next section, after a short review of contact Hamiltonian geometry, we will intro-
duce a contact Hamiltonian formulation of thermodynamics which parallels the symplectic
Hamiltonian formulation of conservative mechanics. In particular, we will define a contact
Hamiltonian function that is the analogue of the Hamiltonian energy for mechanical systems.
In fact, the flow of such function defines the evolution of the thermodynamic system, i.e.
thermodynamic processes. Remarkably, we will see that the relevant contact Hamiltonian in
thermodynamics coincides – up to a sign – with the entropy of the system, considered as a
function on the TPS, equation (6). Contrary to symplectic mechanics, we will see that in this
case the Hamiltonian is conserved only on a particular sub-class of processes, i.e. equilibrium
processes.
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5 Contact Hamiltionian Thermodynamics
In this section, after a brief review of the main aspects of contact Hamiltonian dynamics, we
use these concepts to introduce a Hamiltonian function on the TPS whose flow defines ther-
modynamic processes. Such a formulation was intended first by Mrugala (c.f. for instance
[33, 34, 35]), there he presented some special cases, valid only for particular thermodynamic
systems. Moreover, Rajeev in [45] has also given a contact Hamiltonian formulation of ther-
modynamics, based on the Hamilton-Jacobi formalism. However, the characteristic curves
of the generating functions that he considers give the equations of state of the substance
and therefore, although the construction is very neat, there is no real ‘time evolution’ of the
system. Here we want to propose an approach similar to standard Hamiltonian mechanics,
and therefore we demand the flow of the Hamiltonian function to define thermodynamic
processes.
5.1 Brief review of contact Hamiltonian dynamics
To begin with, let us briefly review some contact Hamiltonian dynamics, following in particular
[36]. We start with the contact manifold T in which the representative contact 1-form η is
fixed. Therefore, to every differentiable function h : T → R, we can associate a vector field
Xh, called the Hamiltonian vector field generated by h, defined through Cartan’s identity
£Xhη = dη (Xh, ·) + d [η(Xh)] (·), (74)
and the relation
h = η (Xh) . (75)
In local Darboux coordinates, the Hamiltonian vector field Xh is given by
Xh =
(
h− pa ∂h
∂pa
)
∂
∂w
+
(
pa
∂h
∂w
− ∂h
∂qa
)
∂
∂pa
+
(
∂h
∂pa
)
∂
∂qa
. (76)
while in the Heisenberg basis (14) it takes the much simpler form
Xh = h ξ + Qˆi(h)Pˆ
i − Pˆ i(h)Qˆi . (77)
It turns out that
£Xhη = ξ(h) η (78)
and thus the Cartan identity (74) can be written using (75) and (78) as
dη (Xh, ·) = −dh + ξ(h) η. (79)
Notice the contrast with the general criterion to define Hamiltonian systems over symplectic
manifolds, where the symplectic two-form operating on the vector field generated by the
Hamiltonian function must be an exact differential whereas, in the contact case, the left
hand side of (79) is not necesarily an exact form. Thus, we say h is a contact Hamiltonian.
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Hamiltonian vector fields form exactly the Lie algebra con(T ,D) of contactomorphisms,
c.f. equation (42). When h is a basic function, i.e. ξ(h) = 0 with ξ the Reeb vector field,
they reduce to the sub-algebra con(T , η) of strict contactomorphisms, or symmetries of η.
The mapping (75), sending every vector field X ∈ con(T ,D) to the corresponding function
η(X) ∈ C∞(T ) is an isomorphism of Lie algebras, where the Lie algebra structure of C∞(T )
is given by the Jacobi bracket
{η(X), η(Y )}η = η ([X, Y ]) . (80)
Note that both the isomorphism and the definition of the Jacobi bracket depend crucially
on the choice of the Gibbs 1-form η. Notice as well that the Reeb vector field (12) associated
with the contact form η is the Hamiltonian vector field generated by the Hamiltonian hξ = 1.
Interestingly, Legendre transformations correspond to discrete points along the orbits of the
vector field XLT generated by [46]
hLT =
1
2
∑
a
[
(qa)2 + (pa)
2
]
. (81)
Furthermore,
£XLTη = 0 while £XLTGFR = −
n∑
i=1
(
dqi ⊗ dqi − dpi ⊗ dpi
)
, (82)
that is, infinitesimal Legendre transformations are symmetries of the contact structure but
not of the metric structure of the TPS. Again, this is equivalent to saying that the First Law
of thermodynamics is invariant under Legendre transformations, while the fluctuations of the
system’s parameters change in the different ensembles.
The Jacobi bracket (80) in general does not satisfy Leibniz rule and one has that {g, 1}η =
0 if and only if [Xg, ξ] = 0. Nevertheless, if we restrict our attention to basic functions (resp.
to strict contactomorphisms), then Leibniz rule is satisfied. When the 1-form η defining the
contact structure and the Hamiltonian function h are fixed on T , we say that the quadruple
(T ,D, η, h) is a Hamiltonian contact structure or a contact Hamiltonian system. We can
express the action of Xh on a function f in terms of the Jacobi bracket (80) as
Xhf = ξ(h) f + {h, f}η. (83)
We say that a function f ∈ C∞(T ) is a first integral of the contact Hamiltonian structure
(T ,D, η, h) if f is constant along the flow of Xh, that is if Xhf = 0. Notice that by equation
(83) this does not coincide with {h, f}η = 0, as in symplectic geometry. From the above
equation (83) it follows that in general Xhh = ξ(h)h. Therefore the Hamiltonian function is
not in general a first integral of its flow. Indeed h is a first integral if and only if it is a basic
function. In this case we say that h is a good Hamiltonian with respect to η. Finally, given
two first integrals f1 and f2 of the flow, we say that they are in involution if {f1, f2}η = 0
and we say that they are independent if their corresponding Hamiltonian vector fields Xf1
and Xf2 are linearly independent [36]. Notice that equation (83) can be used to construct
invariant measures for non-conservative systems [38].
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According to equation (76), the flow ofXh can be explicitly written in Darboux coordinates
as 

w˙ = h− pa ∂h
∂pa
,
p˙a = − ∂h
∂qa
+ pa
∂h
∂w
,
q˙a =
∂h
∂pa
,
(84)
(85)
(86)
where the dot denotes differentiation with respect to a parameter t along the integral curves
of Xh. The similarity with Hamilton’s equations of classical mechanics is manifest. In
fact, these are the contact equivalent to Hamilton’s equations. In particular, when h is a
basic function equations (85) and (86) give exactly Hamilton’s equations [41]. Despite this
similarity, there is a profound difference with Hamilton’s equations because in general h is
not conserved along the orbits of its own contact Hamiltonian field Xh.
5.2 The Thermodynamic Contact Hamiltonian System
5.2.1 Geometric properties
Let us consider a curve on the TPS, γ(t) : I ⊂ R → T . If γ(t) is an equilibrium process,
then it must satisfy condition (73). This means that projected on E it satisfies the First Law
(8). A coordinate expression for this condition is given by
w˙ = −pa(γ)q˙a . (87)
Then, using equations (84) and (86) this implies that along the integral curves of Xh that
are constrained by the First Law - i.e. along equilibrium processes - we must have h(t) ≡ 0
[c.f. equations (73) and (75)]. It follows that in the contact Hamiltonian formulation of
thermodynamics we must have a Hamiltonian function that identically vanishes over all the
orbits corresponding to equilibrium processes. We will now look for the most general form
of such function.
Let us mention that different candidates with such property can be found. To see that,
consider the general expression for Legendre sub-manifolds as given in (35). From such
expression there are some evident families of functions that vanish on the Legendre sub-
manifolds. Indeed Mrugala in [33] has studied three different families of such Hamiltonians,
that is
hi ≡ qi − ∂f
∂pi
hj ≡ pj + ∂f
∂qj
h0 ≡ w − f + pi ∂f
∂pi
, (88)
where f = f(pi, q
j) as in (35). However, due to the explicit presence of the thermodynamic
fundamental relation f = f(pi, q
j) in these expressions, the flows involve f and its deriva-
tives and therefore they depend on the particular choice of the system. Here we wish to
take a different route and define a contact Hamiltonian that could provide us with general
information, valid for any system.
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One of the basic assumptions in ordinary equilibrium thermodynamics (sometimes also
listed as one of the postulates of thermodynamics) is that the thermodynamic entropy STD
for any system must be a homogeneous function of order one of the extensive variables [37].
Therefore, let us assume now that the pa are all the extensive variables, i.e. we fix the
ensemble to be the µPT ensemble, according to section 2.1. Since STD is a homogeneous
function, that is
STD(λpa) = λSTD(pa), ∀λ ∈ R+ , (89)
Euler’s theorem for homogeneous functions implies
STD(pa) = paq
a, qa =
∂STD
∂pa
. (90)
Given the pa and the q
a, we may take the first equation in (90) as the definition of the
equilibrium entropy for any system. Moreover, as usual, we promote the qa to be independent
of the pa when referring to functions on the TPS. For instance, using standard thermodynamic
coordinates, the first equation in (90) reads
STD =
1
T
U +
p
T
V −
n−2∑
i=1
µi
T
Ni, (91)
where the intensive variables can be seen either as depending on the extensive ones, meaning
that we are on the equilibrium manifold E , or as independent coordinates, which means that
we are considering STD as a function on T .
The first equation in (90) serves as a motivation to define the contact Hamiltonian function
for thermodynamics H : T → R as follows
H ≡ STD − Sρ0 , (92)
where Sρ0 is given by (6).
Notice that, from the form of the macroscopic entropy (6) and Euler’s theorem (90), it
follows that
H = −w. (93)
Moreover, in the thermodynamic limit – i.e. suppressing fluctuations – the statistical entropy
Sρ0 of Gibbs’ distribution exactly coincides with the thermodynamic entropy STD for any
system. This implies that H vanishes on the equilibrium (Legendre) sub-manifolds of T . In
fact, as discussed in section 2.1, it follows from equation (6) that w is the total Legendre
transform of the entropy, which is identically zero for any extensive system at equilibrium.
Therefore the information contained in H will be the same for any system. In this sense H
is a good candidate as a contact Hamiltonian function for thermodynamics.
The independence of H of the fundamental relation is a major difference in our work from
the approach in [33, 34, 35]. Moreover, from the definition (92) we expect that H is a good
measure of how far the system is from equilibrium. In fact, on the one side the ensemble
entropy Sρ0 and the thermodynamic entropy STD shall coincide at equilibrium and, therefore,
H must vanish. On the other side, Sρ0 subject to the constraints (3)-(4) reaches its maximum
24
value STD when the system is in equilibrium. Thus for processes out of equilibrium we have
that Sρ0 < STD. Therefore, for all spontaneous processes occurring on any system near
equilibrium we must have
H ≥ 0. (94)
For this reason, H is an appropriate contact Hamiltonian, both for its mathematical properties
as well as for its physical meaning.
Let us see now how to define equilibrium processes and admissible non-equilibrium pro-
cesses by means of the flow of the contact Hamiltonian vector field associated to H . Accord-
ing to (76), the Hamiltonian vector field associated to (92) can be written in local Darboux
coordinates as
XH = −w ∂
∂w
− pa ∂
∂pa
, (95)
which generates the homothety of η
£XHη = −η. (96)
Notice that XHH = −H and therefore H is not a first integral of its flow. Moreover, it
follows from (95) that the flow of H reads


w˙ = −w ,
p˙a = −pa ,
q˙a = 0 .
(97)
(98)
(99)
Now let us first consider the geometrical properties of this flow as a contact Hamiltonian
system. Then we will give it a meaning in the thermodynamic context. It is immediate from
(99) that the functions qa are n first integrals of the flow. Moreover, the function 1 provides
another (trivial) first integral. Therefore, we have n+ 1 first integrals of the flow (97)-(99)
and it is easy to check that they are in involution and independent. This means that the
contact Hamiltonian system (T ,D, η,H, {1, qa}) is a completely integrable system of Reeb
type [36].
5.2.2 Physical properties
Let us now turn to a more physical investigation of the integral curves of the flow γ(t) : I ⊂
R→ T , which read 

w(t) = w0 e
−t ,
pa(t) = p
0
a e
−t ,
qa(t) = qa0 .
(100)
(101)
(102)
From (100)-(102) and the definition of H – equation (93) – it follows that
H(t) = H0 e
−t. (103)
This means that we have two types of orbits for the flow:
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Figure 2: Evolution of the irreversible entropy production H(t) along the orbits of the ther-
modynamical flow. Solid lines represent admissible fluctuations. As we see, the
entropy production along a fluctuation is a positive and monotonically decreasing
function of t which tends exponentially to zero. We interpret this fact as a general
feature representing geometrically in the TPS the evolution towards equilibrium.
i) Orbits starting with H0 = 0. Along these orbits H(t) ≡ 0 for all t > 0.
ii) Orbits starting with H0 6= 0. Along these orbits H(t) tends exponentially to zero as t
increases.
Recall that along equilibrium processes H(t) must be zero by definition – c.f. equation
(92). To clarify the physical significance of H , let us show that the function H here coincides
with the irreversible entropy production necessary in order to re-establish equilibrium during a
thermodynamic fluctuation. In fact, given a perturbation of the system out of the equilibrium
value, the entropy change is
S = STD + δS +
1
2
δ2S. (104)
Considering that δS = 0 at equilibrium, therefore
H = STD − S = −1
2
δ2S (105)
is the irreversible entropy production in the linear regime, which is the Lyapunov function
governing the damping of thermodynamic fluctuations [47].
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According to the above discussion, we now give the geometric definition of thermodynamic
processes, both at equilibrium and resulting from fluctuations.
In general, a thermodynamic process is a orbit of the flow of XH . In particular, equilibrium
(quasi-static) processes are the orbits of the flow of H of type i) – with H ≡ 0, i.e. no
irreversible entropy production – while fluctuations are orbits of type ii), since H(t) is not
zero but becomes negligibly small very rapidly. Moreover, a fluctuation is admissible if and
only if H0 = H(γ(0)) ≥ 0 (i.e. the entropy production is positive).
As we see, with these definitions we can give a complete contact Hamiltonian character-
ization of equilibrium processes as well as of fluctuations and thermalization by means of
the dynamics in the TPS. This result sets a parallel between the phase space symplectic
Hamiltonian description of conservative mechanics and the phase space contact Hamiltonian
description of thermodynamic processes, both equilibrium and fluctuations.
5.3 Thermodynamic length and entropy production
Notice that we have given all the definitions of thermodynamic processes without using the
metric structure of the TPS. Now let us consider the metric GFR on T as defined in (25).
A direct calculation shows that
||γ˙(t)||2 = GFR(XH , XH) = H(t)2 (106)
and therefore the square norm of such processes is always positive. This means that the
metric structure does not distinguish between admissible and non-admissible thermodynamic
processes.
Nevertheless, it is remarkable that the square norm is exactly the square of the ther-
modynamic Hamiltonian. In fact, this enables us to define a functional which vanishes for
equilibrium processes and allows us to calculate the entropy production for any admissible
near-equilibrium process. Given the pseudo-Riemannian structure GFR and the fact that XH
has a non-negative squared norm – c.f. (106) –, we use the arc-length functional
S : C(T ) → R
γ(t) 7→
∫ tf
0
√
GFR(XH , XH) dt .
(107)
where C(T ) denotes the space of differentiable functions on the TPS. Then, S is the to-
tal irreversible entropy produced along a process. From (106) and (107) it follows that
along equilibrium processes the total entropy production thus defined is zero, whereas for
fluctuations we have
S(γ(t)) =
∫ tf
0
H(t) dt =
∫ tf
0
H0e
−t dt = H0
[
1− e−tf
]
≥ 0 . (108)
Noticeably S(γ(t)) has a global minimum S = 0, which is attained if and only if S(γ(t)) ≡ 0,
that is if the process is of type i), i.e. if and only if γ(t) is an equilibrium process for which the
initial condition is H0 = 0. Hence, we conclude with the result that equilibrium processes
are those paths for which the total entropy production is identically zero. Notice finally
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that the total entropy production for any fluctuation when tf 7→ ∞ is exactly H0. Using
the relation (105) we see that our definition coincides with the expectation from ordinary
thermodynamics, i.e. that the system relaxes to equilibrium after producing an amount of
entropy corresponding to the initial displacement from the equilibrium entropy. In this way
we prove that the total length of any thermodynamic process equals its entropy production.
6 Discussion of the results
Let us summarize and discuss the new results presented in this work. To the best of our
knowledge, the role of contact gauge transformations of the Thermodynamic Phase Space
had never been considered before. These transformations were presented here in their full
generality in 3.1. We have then considered the particular case of the change of the thermo-
dynamic representation, showing explicitly the transformation of the para-Sasakian structure
of the TPS. Interestingly, such change in the metric structure induces the well-known con-
formal equivalence between Weinhold’s ‘energy’ metric and Ruppeiner’s ‘entropy’ metric on
the Legendre sub-manifolds. It also reveals interesting scaling properties of the almost para-
contact structure, which may provide us with further insights on its physical interpretation.
This aspect has not been considered here and it will deserve attention in future works [32].
In section 4 we have investigated in detail the role of the Legendre symmetry in thermo-
dynamics. We have proved that this symmetry induces a diffeomorphism of the equilibrium
sub-manifolds and therefore implies ensemble equivalence, as long as the stability conditions
are fulfilled. Moreover, we have also proved that a total Legendre transformation is an isome-
try between the Hessian metric structures naturally induced by the Fisher Information Matrix
on the Legendre sub-manifolds by the use of different embeddings, while a partial Legendre
transformation is not so. In this respect, it is important to note that our approach differs
from previous literature on thermodynamic geometry. In fact, in the literature one usually
starts directly with a particular choice of a metric on the Legendre sub-manifold and then
operates on it with a change of the coordinates of the sub-manifold which leave the metric
unchanged. In our case, since the TPS is locally isomorphic to the hyperbolic Heisenberg
group, its metric GFR is fixed. Thus, we consider the different metrics that can be induced
on its Legendre sub-manifolds. We have also presented a digression on first order phase tran-
sition as a relevant example of regions of ensemble inequivalence in the context of ordinary
thermodynamics and fixed their geometric representation in the TPS.
Finally, in section 5 we have given a consistent formulation of thermodynamic processes in
terms of a dynamical system on the contact phase space. We have shown that the irreversible
entropy production in the local equilibrium regime is a good contact Hamiltonian, in the sense
that it defines a flow which is completely integrable and whose integral curves represent
thermodynamic processes, both at equilibrium and near-equilibrium. An interesting result
here is that we can prove by means of the contact dynamics at the level of the phase space
of any thermodynamic system that thermodynamic fluctuations vanish. Such formulation
of equilibrium processes and thermodynamic fluctuations places the contact Hamiltonian
description of thermodynamics on an equal footing as the symplectic Hamiltonian description
of conservative mechanics. This parallelism suggests that contact dynamics could be a good
28
candidate for the description of the statistical mechanics of non-conservative systems, as
pointed out in [38] and it is certainly worth of further investigation. Finally, we have also
shown that the metric structure GFR can be exploited to compute the entropy production of
any process by means of the arc-length.
It is worth noticing at this point that the standard problem of equilibrium thermodynamics
is that of determining the final state of the evolution of a system placed in contact with
external reservoirs. In fact, the resolution to this problem is given by the extremum principle,
which can be formulated in many equivalent ways, depending on the thermodynamic potential
considered. In particular, we have shown that the contact Hamiltonian evolution reproduces
the evolution predicted by the ‘Entropy Maximum Principle’ as follows.
• Entropy Maximum Principle. The equilibrium value of any unconstrained internal
parameter in a system in contact with a set of reservoirs (with intensive parameters
q1r , . . . , q
n
r ) maximizes the thermodynamic entropy S(p1, . . . , pn) at constant q
1, . . . , qn
(equal to q1r , . . . , q
n
r ) [37].
The evolution that we have found from contact Hamiltonian dynamics – equations (97)-
(99) – exactly matches this entropy maximum principle, i.e. the intensive variables qa
have fixed values (equal to those of the external reservoirs), while the internal extensive
parameters pa evolve so as to find the maximum value of the entropy for the given
constraints. This process requires an entropy production which is characterized by the
evolution of H = −w and whose total amount is exactly the same quantity predicted
in thermodynamics for a fluctuation.
Finally, let us resume schematically the results of section 5, i.e. the contact Hamiltonian
formulation of thermodynamics and its connection with the classical Laws of thermodynamics.
• Zeroth Law. Notice that we are always working on a specific ensemble, obtained from
maximizing Gibbs’ entropy functional subject to some ‘boundary conditions’. Therefore
the equilibrium condition is assumed because of the use of the Gibbs distribution
corresponding to the ensemble. Accordingly, it turns out that the contact Hamiltonian
flow has the intensive parameters qa as first integrals of motion, which is in agreement
with the evolution of a macroscopic system in contact with temperature and particle
reservoirs predicted by phenomenological thermodynamics.
• First Law. Our definition of equilibrium processes – integral curves of the flow of the
function H for which H ≡ 0 – automatically satisfies the First Law of thermodynamics,
c.f. equations (92) and (97)-(99). Moreover, by the definition of H – equation (92)
– this is equivalent to say that there is no irreversible entropy production along the
process.
• Second Law. The Second Law of thermodynamics establishes that entropy is a max-
imum at equilibrium and that entropy production along a spontaneous fluctuation is
non-negative. This provided us with a geometric definition of thermodynamically ad-
missible processes, i.e. processes for which H0 ≥ 0. By the flow of H this also implies
that entropy production is non-negative along all the process and that fluctuations
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vanish and the system thermalizes exponentially in the flow parameter t.
To conclude, in this work we have presented a thorough analysis of some open problems
in the geometrization of thermodynamics. In particular, here we have focused on gauge
transformations, Legendre symmetries, first order phase transitions and on the construction
of a comprehensive contact Hamiltonian system that entails the Laws of thermodynamics
from a geometric perspective over the phase space. Nevertheless, several questions remain
to be addressed. For example, we have not fully investigated the physical role of gauge
transformations and of the other symmetries of the contact structure corresponding to strict
contactomorphisms which are not Legendre. From the point of view of contact Hamiltonian
thermodynamics, it would be relevant to see whether this formulation can lead e.g. to a kind
of quantization of the contact manifold and of the thermodynamic relations, as previously
proposed e.g. in [30]. Moreover, we understand that the length of a process in the phase
space is related to the irreversible entropy production during the process. Therefore it is
interesting to perform a detailed analysis of the geodesics, as curves of minimal entropy
production, as in [10] and [15, 16, 17]. We expect to explore all these topics in future works.
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